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m Generally, the higher-order polynomial
gives higher accuracy.

m However, this is not true in some
situations, especially when the data
points include local abrupt changes in
f(x) values for steady changes in x
values.

m In these situations, the accuracy
decreases.
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m In these cases, the function can lead to
erroneous results because of round-off

error and overshoot.

m An alternative approach is to use a
lower-order polynomial to subsets of the
data points.

m Such connecting polynomials are called
splines functions.
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m The concept of spline came from the
drafting technique of using thin flexible
strip, called spline, to draw smooth
curves through a set of points as shown
in the figure of the viewgraph.

m The drafter places paper over wooden
board and hammer nails into the paper
and the board at the locations of the
data points.
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m Origin of Spline Concept
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m Need for Splines
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Abrupt change indicates oscillation in interpolating polynomial.
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m Need for Splines
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Abrupt change indicates oscillation in interpolating polynomial.
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m Need for Splines
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Abrupt change indicates oscillation in interpolating polynomial.
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| m Need for Splines
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The spline provides a much more acceptable approximation.
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m Types of Splines
1. Linear (simplest),
2. Quadratic, and
3. Cubic (most popular)
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m Linear or First-order Splines
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" w Quadratic or Second-order Splines
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m Cubic or Third-order Splines

Wy
J)
S 1
3
S 2
X
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m Linear Splines

— Linear or first-order splines are the
simplest to construct.

— They are straight lines connecting two pair
of the data points.

— Therefore, an algorithm for straight lines
that connect each pair of the data points
can be developed very easily.
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— The interpolation function can be expressed as

fl(x)=f(x1)+w(x—xl) forx, <x<x,
Xy =%
fx)=r1( 2)+M(x—x2) forx, <x < x,
X3 =X, (1)
f;(x):f(xi)_i_ f(xi+l)_f( i)(x_xi) forxl. ngxiﬂ
Xivt =X
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m Linear Splines

— Requirements for Linear Splines:

» The linear spline functions as presented by the
previous equations are to satisfy the following
condition:

fl.(xl.):fl.ﬂ(xl.) Fori=12,...,n—1
(2)
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m Example 1 (Linear Splines)

Fit the following set of data with first-order
(linear) splines. Evaluate the function at x
= 5. Also plot the spline functions.

X 3 4.5 7 9
F(x) 2.5 1 2.5 0.5
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— For the first pairs of data: 3 25
fil)= re)r L= W) oy [as |

filx)=2.5+ =25 (x-3)

45-3
fi(x)=2.5-(x-3)
f(x)=55-x For3<x<4.5
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m Example 1 (cont'd) - Linear Splines
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— For the second pairs of data:

Sx)

2.5

fi)= e LIy
folx)=1+ 72_5;; (x—4.5) ’

fi(x)=1+0.6(x—4.5)

f(x)=-1.7+0.6x For45<x<7
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m Example 1 (cont'd) - Linear Splines
— For the third pairs of data: .
)= fl L= Sn) oy 17
4 3
_ 9
£0)=25+ 23725 _7)
filx)=25-(x=7)
f(x)=9.5-x For7<x<9
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m Example 1 (cont'd) - Linear Splines
— Finding the value of the function when x =5
If x =5, then the following spline applies:

flx)=-1.7+0.6x For4.5<x<7
Thus,
f(5)=-1.7+0.6x
=—1.7+0.6(5)
=13
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%ﬂw*' m Example 1 (cont’d) - Linear Splines
P3Iot of the linear spline functions:

2.5

2

f(x)1.5+

14

0.5 4

0

0 2 4 6 8 10

X
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m Quadratic Splines

The quadratic splines provide a quadratic
equation connecting any two adjacent data
points within the data set of the type

[xl.,f(xi)] fori=1,2,3,....n

i 1 2 3 4 n
X Xy X, X3 Xy vee X,
S | fx) | S | fxs) | Axy) fix,)
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m Quadratic Splines
The general form of a quadratic equation

between point [x,, fix,)] and [x;,, fix;.,)] iS

fl.(x)=al.x2+bl.x+cl. Fori=12,....n—1

3)
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m Quadratic Splines

— Every two adjacent data points have an
interpolation equation given by Eq. 3, with
three constants a,, b,, and c..

— As a result, there are 3(n — 1)unknowns
that need to be determined using the data
set, requiring 3(n — 1) conditions
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m Quadratic Splines

Conditions for Quadratic Splines:

1. The splines must pas through the data points.
For the ith spline, this condition can be
expressed as

f,.(x,.)zaixf +bx, +c; =f(x,.) fori=12,3,...,.n—1 (4a)

file)=axt, +bx, +¢ = flx,) fori=123,....n-1 (4b)

© Assakkaf

ENCE 203 — CHAPTER 6f. NUMERICAL INTERPOLATION Slide No. 188




Interpolation Using Splines

&Y OF Ay
Y OF Az
& M"’*«%
(Y N7
5/ & 5 I . BN el . . N I
A ./ *A.J Clark School of Engineering « Department of Civil and Environmental Engineering

m Quadratic Splines

Conditions for Quadratic Splines:

2. The splines must be continuous at the interior
data points. This condition can be expressed
using the first derivatives of the quadratic
splines as

2a,x,,, +b, = 2a,,,x,, +b,, fori=123,....n-2 (5)
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m Quadratic Splines

Conditions for Quadratic Splines:

3. The last condition can be arbitrary. The
second derivative for the spline between the
first two data points can be set equal to zero.
Since the second derivative for the first spline
is 2a,, this condition can be written as

2¢,=0=>a,=0 (6)
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m Quadratic Splines

— Equations 4 to 6 provide the needed
3(n — 1) conditions to solve for the 3(n— 1)
unknowns a;, b, and ¢, i=1,2,...,n—1.

— The resulting quadratic splines provide the
desired continuity while passing through
the data points.
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m Example 2 — Quadratic Splines

Fit the following set of data with second-
order (quadratic) splines. Evaluate the
function at x =5. Also plot the spline

functions.
i 1 2 3 4
x 3 4.5 7 9
fx) 2.5 1 2.5 0.5
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m Example 2 (cont'd) — Quadratic Splines
— For the first data pairs, Eqgs. 4a and 4b

apply as follows:
ax; +bx,+c; = f(x,-) fori=123,...,n—-1 i]ox [ fv)
1 3 125
ax’ +bx., +c =f(x,) fori=123,... ,n-1 2 las| 1

a,3) +b,3)+c, =2.5

a,(4.5) +b,(4.5)+c, =1 (7)
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m Example 2 (cont'd) — Quadratic Splines
— For the second data pairs, Egs. 4a and 4b

apply as follows:

a,x; +bx, +c, :f(x,-) fori=123,...,n-1 i]ox [ fv)
2 145 1
ax’ +bx., +c =f(x,) fori=123,. .. ,n-1 317 125

a,(4.5) +b,(4.5)+c, =1

0,7 +b,(7)+c, =2.5 ®)
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m Example 2 (cont'd) — Quadratic Splines

— For the third data pairs, Eqgs. 4a and 4b
apply as follows:

ax’+bx +c = f(x,) fori=123,...,n—-1 P x| fx)
3 7 125
ax’ +bx., +c =f(x,) fori=123,... ,n-1 4|9 los

a,(7) +b,(7)+c, =2.5

a,0F +5.0)+¢, =0.5 ©)
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m Example 2 (cont'd) — Quadratic Splines
— For the first and second data pairs, Egs. 5

applies as follows:

. i x | fix)
2a,x,,,+b, =2a,x,, +b, fori=123,...,n-2
2 |45 1
3 7 125
2a,(4.5)+b, =2a,(4.5)+b,
2a,(7)+b, =2a,(7)+b, (10)
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m Example 2 (cont'd) — Quadratic Splines
— The last condition comes from Eq. 6 as

e

a, =0

— Since a, =0, the resulting system of 3(n-1)
-1=3(4 — 1)-1 = 8 equations can be
obtained as follows:
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““" m Example 2 (cont'd) — Quadratic Splines
3b, +c, =25
4.5b, + ¢, =1
20.25a, +4.5b, +c, =1
49a, + b, +c, =25 (11)
49a, +7b; +c, =2.5
8la; +9b, +c;, =0.5
b —9a, -b, =0
14a, +b, —lda, —b, =0
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e @ Example 2 (cont'd) — Quadratic Splines
Eqg. 11 can be rewritten in a matrix form as

@‘d OF,

31 0 0 0 0 0 o0lfp] [25]
451 0 0 0 0 0 Ofc 1
0 0 2025 451 0 0 Offla, 1
0 0 49 7 1 0 0 0|[p]| |25 (12)
0 0 0 0 499 7 1f|le,| |25
00 0 0 0 8 9 1fla| |05
1 0 -9 —-1.0 0 0 O0ffb, 0
(0 0 14 1 0 -14 -1 0flc,] [ O]
ENCE 203 - CHAPTER 6f. NUMERICAL INTERPOLATION S”i/:\jsj:::

Interpolation Using Splines

@‘d OF,

~ 2%
5/ & *% I . N aa T . N I
A i/, *A.J. Clark School of Engineering * Department of Civil and Environmental Engineering
S
Qe ns”

m Example 2 (cont'd) — Quadratic Splines

— Therefore,
BT 1]
¢ 55 filx)=x+55 for 3<x<4.5 (13a)
a, 0.64

by|_|=076]  f,(x)=0.64x" —6.76x+18.46 for45<x<7 (]3b)
c, | |18.46

a -1.6
b rag | fi(r)=-1.6x"+24.6x-913 for 7<x<9 (13c¢)
ey ] [-913]
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m Example 1 (cont’d) - Quadratic Splines
— Finding the value of the function when x =5
If x =5, then the following spline of Eq. 13b
applies:
£,(x)=0.64x> —6.76x+18.46 for45<x<7
Thus,
7(5)=0.64(5) —6.76(5)+18.46
=0.66
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< m Example 2 (cont'd) - Quadratic Splines
I;’f!ot of the quadratic spline functions:

fex)
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| m Cubic Splines

The cubic splines provide a cubic equation
connecting any two adjacent data points
within the data set of the type

[xl.,f(xl.)] fori=1,2,3,....n

i 1 2 3 4 n
X Xy X, X3 Xy vee X,
S | fx) | S | fxs) | Axy) fix,)
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m Cubic Splines
The general form of a cubic equation

between point [x,, fix,)] and [x;,, fix;.,)] iS

fi(x)=ax’+bx*+cx+d, Fori=12,.. n-1

(14)
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m Cubic Splines

— Every two adjacent data points have an
interpolation equation given by Eq. 14, with
three constants a,, b,, c,and d..

— As a result, there are 4(n — 1)unknowns
that need to be determined using the data
set, requiring 4(n — 1) conditions
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m Cubic Splines

Conditions for Cubic Splines:

1. The splines must pas through the data points.
For the ith spline, this condition can be
expressed as

filx)=ax’ +bx’+cx, +d = f(x,) fori=1,23,...,n—1(15a)

f)=ax), +bx] +ex, +d, = f(x,,) fori=123,...,n-1(15b)
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m Cubic Splines

Conditions for Quadratic Splines:

2. The splines must be continuous at the interior
data points. This condition can be expressed
using the first derivatives of the cubic splines
as

2 = 2
3a,x;,, +2bx,,, +¢, =3a,,x,,,+2b,,x,,, +c,, (16)

fori=12,3,...,n—2

© Assakkaf
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m Cubic Splines

Conditions for Quadratic Splines:

3. The splines must satisfy the second
derivative continuity at the interior points.
This condition can expressed as

6aixi+1 + 2bi — 6ai+1xi+1 + 2bi+1 (17)
fori=123,...,n—2
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m Cubic Splines
Conditions for Quadratic Splines:

4. The last condition can be set as the second
derivative at the first and last data points to
be zero. This condition is as follows:

6a.x. +2b, =0
17%i 1 (18)
6a, x +2b _, =0
ENCE 203 - CHAPTER 6f. NUMERICAL INTERPOLATION s”ci/:\:_as;
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m Cubic Splines
— Equations 15 to 18 provide the needed
4(n— 1) conditions to solve for the 4(n — 1)
unknowns a;, b, c,and d, i=1,2,...,n— 1.
— The resulting cubic splines provide the

desired continuity while passing through
the data points.
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m Example 3 — Cubic Splines
Fit the following set of data with third-order
(cubic) splines. Evaluate the function at x =
5. Also plot the spline functions.

i 1 2 3 4
X 3 4.5 7 9
Ax) 2.5 1 2.5 0.5
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ENCE 203 — CHAPTER 6f. NUMERICAL INTERPOLATION Slide No. 211

- Interpolation Using Splines

‘D‘ + A. J. Clark School of Engineering ¢ Department of Civil and Environmental Engineering

m Example 3 (cont’d) — Cubic Splines
— For the first data pairs, Egs. 15a and 15b

apply as follows:
filx)=ax +bx’+cx +d. = f(x,) fori=1,23,...,n—1 | i | x [/1x)
1 3125
il )=axt, +bx2 +ex,+d, = f(x,,) fori=123,...,n—1 s

a,3) +b,3) +¢,(3)+d, =2.5

a,(4.5) +b,(4.5) +¢,(45)+d, =1 (19)
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m Example 3 (cont’d) — Cubic Splines

— For the second data pairs, Egs. 15a and
15b apply as follows:

filx)=ax+bx’+cx +d, = f(x,) fori=123,...,n—1 | i | x [/1x)
2 145 1
filx, )=ax, +bx2 +ex, +d. = f(x,,) fori=123,...,n-1
3 7 125
a,(4.5) +b,(4.5) +¢,(4.5)+d, =1
20
0,7 +b,(7) +¢,(7)+d, =2.5 20)
ENCE 203 - CHAPTER 6f. NUMERICAL INTERPOLATION S”iﬁ:_a;:a;
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m Example 3 (cont’d) — Cubic Splines
— For the third data pairs, Egs. 15a and 15b
apply as follows:

filx)=ax} +bx’+cx,+d, = f(x,) fori=123,...,n-1 | © | x [f%)
3 7 125

il )=axt, +bx2 +ex,+d, = f(x,,) fori=123,...,n—1
419 |05

a,(7) +b,(7) +¢,(7)+d, =25

a,0) +b,0) +¢,0)+d, =0.5 (21)
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m Example 3 (cont'd) — Cubic Splines

— For the second and third data pairs, Eq. 16
applies as follows:

) i x | fix)
3a1x1+1 +2b,x,,, +¢; =3a,,x;,, +2b,,,x,,, +¢;, 5 las| 1

fori=123,....n—2

3 7 125
3a,(4.5) +2b,(4.5)+c, =3a,(4.5) +2b,(4.5)+c,
3a,(7) +2b,(7)+ ¢, =3a,(7) +2b,(7)+c, (22)

Interpolation Using Splines
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m Example 3 (cont'd) — Cubic Splines
— For the second and third data pairs, Eq. 17

applies as follows:

i x | fix)
6a1x1+1 + Zb 6a1+1x1+1 + 2bi+1
2 4.5 1

fori=1,2,3,....,.n—2

3 7 125
6a,(4.5)+2b, = 6a,(4.5)+2b,
6a,(7)+2b, = 6a,(7)+2b, (23)
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“ m Example 3 (cont’d) — Cubic Splines
— The last condition comes from Eq. 18 as

i ox [ 6a,x, +2b, =0
307 (25 6a, x +2b _,=0
419105 6a,(3)+2b, =0
(24)

6a,(9)+2b, =0

— Therefore, the 12 equations [4(4-1)] are as
follows:

Slide No. 217
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Interpolation Using Splines
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<uz @ Example 3 (cont’d) — Cubic Splines
27a,+  9b+ 3¢, +d, =25
=1

91.125a, +20.25b, +4.5¢, +d,
91.125a, +20.25b, +4.5¢, +d, =1
=25

343a, +49b, +7c, +d,
343a, +49b, +Tc, +d, =2.5

729a, +81b, +9¢, +d, = 0.5
_o (25)

—60.75a, -9b, —c,

60.75a,+  9b, + ¢,
147a, +14b, +c, —147a, —14b; —c, =0
27a,+ 2b —27a, —2b, =0
42a, +2b, —42a, —2b, =0
18a, +2b, =0
S54a, +2b, =0
© Assakkaf
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éo;m»?- Example 3 (cont'd) — Cubic Splines

(27 9 3 1 0 0 0 0 0 0 0 0]fa] [25]
91.125 2025 45 1 0 0 0 0 0 0 0 o0|pn 1
0 0 0 0 91125 2025 45 1 0 0 0 0| 1
0 0 0 0 343 49 7 1 0 0 0 0|ld]| |25
0 0 0 0 0 0 0 343 49 7 1f|la,| |25
0 0 0 0 0 0 0 729 81 9 1|[b| |05
6075 9 1 0 -6075 -9 -1 0 0 0 0 Oflc,| |0
0 0 0 0 147 14 1 0 -147 -14 -1 0||d, 0
27 2 0 0 =27 -2 0 0 0 0 0 Offa| |0
0 0 0 0 42 2 0 0 -4 -2 0 0||a] |o0
18 20 0 0 0 0 0 0 0 0|lc 0
e 0 0 0 0 0 0 0 0 54 2f|d]| [0]
© Assakkaf
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G« m Example 3 (cont'd}—"Cubic Splines
o — Therefore,
a, 0.172
bij | —1347 £i(x)=0.172x =1.547x +3.253x +2.02 for3<x<4.5
¢ 3253
d, 2.020
o| | -0177 £,(x)==0.177x +3.163x* =17.941x +33.813 for4.5<x<7
b,| | 3.163
“ ‘3137;‘;1 £1(x)=—0.0528x" +0.554x> +0.326x~8.813  for7<x<9
a; -0.0528
b, 0.554
& 0326 £(5)==0.177(5)* +3.163(5)> —17.941(5) +33.813
|ds| | —8.813 |

=1.058
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s ; ;
=~ m Example 3 (cont'd) — Cubic Splines
3
2.5 A
2 -
f, /; :
f(x) 1.5 A
1 A
0.5 -
0 T T T
0 2 4 6 8 10
X
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Qe g Comparison among Linear, Quadratic, and Cubic
Splines for Examples 1, 2, and 3

Splines
3.5
3 L
' N
L}
2.5
2
f(x)
1.5 A
14 Linear
= = ~Quadratic
0.5 1 Cubic
0 T
0 1 2 3 4 5 6 7 8 9 10
X
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c@my m Comparison among Linear, Quadratic, and Cubic Splines for
3IEE)xampIes 1, 2, and 3 with Third-order Polynomial

3 Linear y
— Quadratic
25 - — Cubic A<
\ - -- 3rd Degree g ’
2 \
fx)

1.5 A
14

0.5 A
0
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Multidimensional Interpolation
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m In general, the function of interest can
take the following form:

f(xl,xz,x3,...,xn)

m In most engineering applications, two-
dimensional interpolation is required.

© Assakkaf
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Multidimensional Interpolation
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m The previously introduced methods for
one-dimensional case can be applied to
multidimensional interpolation.

m However, with increased computational
difficulties.

m To illustrate the concept, linear
interpolation is introduced for two-
dimensional interpolation.
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Multidimensional Interpolation
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m Two-dimensional Interpolation

— Example 4

The following table gives the values of the
gravitational acceleration, g, in feet per second
squared as a function of altitude L (in degrees)
and elevation E (in feet). Find the value of g
when L = 12.5% and E = 500 feet.

© Assakkaf
ENCE 203 — CHAPTER 6f. NUMERICAL INTERPOLATION Slide No. 226

32



Multidimensional Interpolation

& OFhg,
SR
2l

Be BN B

N I
5 q
. { ‘U « A.J. Clark School of Engineering * Department of Civil and Environmental Engineering

“=" g Two-dimensional Interpolation
— Example 4
E=0ft | E=1000f |E=2000ft

L=0° | 32.0877 32.0847 32.0816

L =59 | 326896320859 32.0829
<L/= 109 | 32.0928 32,0897 | 32.086
L =150| 32.0991 32,0960 7| 32.0929
L= 20321075 321044 32.1013
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Multidimensional Interpolation
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“w" @ Two-dimensional Interpolation
— Example 4 (cont'd)

f(xpxz):g(LsE)

Be BN B

* First, we interpolate for E at L = 10 to obtain
g(109, 500 feet).

_E_ g

0 32.0928=> 500-0 _ g,-32.0928
500 g 1000-0  32.0897—32.0928
1000 32.0897

= g, =32.09125
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“" g Two-dimensional Interpolation

— Example 4 (cont’'d)

» Second, we interpolate for E at L = 15 to obtain
g(159, 500 feet).

_E g

0 320991 _ 500-0 _  g,-32.0991
500 g 1000—0  32.0960—32.0991
1000 32.0960

= g, =32.09755
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“" g Two-dimensional Interpolation

— Example 4 (cont’'d)

* Using the values of g, and g,, we interpolate for
L at E = 500 to obtain g(12.5°, 500 feet).

_L g
10 32.09125: 125-10 g, —-32.09125
12.5 2 15-10  32.09755-32.09125

15 32.09755

= g, =32.0944

« Therefore, g(12.5° 500 feet) = g, = 32.0944 ft/s?
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