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m A banded matrix was defined earlier as
square matrix with elements of zero
except on the principal diagonal and the
values in the positions adjacent to the
principal diagonal.

m A tridiagonal matrix is a special case of
a banded matrix.
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m Tridiagonal Matrix
— A triadigonal matrix is a special case of a

banded matrix that has zeros except in the

three diagonals:
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m Tridiagonal Matrix

— The tridigonal matrix can be described as
having a band width of 3.

— It can also be described as having a half-
band width of 1, in reference to the number
of nonzero diagonals on one side of the
principal diagonal, that is, not including the
diagonal where i = for a;;.
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— The following relationship between the
band width b, and half-band width b, can
be obtained:
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m Tridiagonal Matrix

— Banded matrices such as a tridigonal
matrix have so many applications in
engineering.

— The can be stored more efficiently by
storing the banded elements only, thereby
reducing storage requirements for a
solution.
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m Definition
— A symmetric matrix is defined as a matrix
where a; = a;.
— Examples:

1 2 3 3 -1
— 1 4
A4=[2 8 10| ,

) C=|:2 —5:|
-5 20
3 10 22

98]

9]
A9 W

AN
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m Applications

— In engineering, it is common to deal with
symmetric matrices.

— For example, the stiffness properties of a
structural element can be described using
symmetric stiffness matrix.

— Also, correlations among the structural
variables can be described using
symmetric correlation matrix.
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m Applications
— Example: Stiffness Matrix for a Beam
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m Properties
— A symmetric matrix has the following
properties:
A=A4"

— The decomposition of A can be expressed

as -
A=LL
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| m Cholesky Decomposition Method

— This method uses a recurrence procedure
to decompose a symmetric matrix into
upper and lower triangular matrices.

— As a result, the LU decomposition can be
computed more effectively.

© Assakkaf
ENCE 203 — CHAPTER 5f. SIMULTANEOUS LINEAR EQUATIONS Slide No. 180

Symmetric Matrices

Be BN B

|+ A.J. Clark School of Engineering * Department of Civil and Environmental Engineering

m Cholesky Decomposition Method

l :\/711 (la)

, i1
i = au‘_zl;\r fori=23,---,n (1b)
=

—= forj=123,--,i—l,and j <i (Ic)

© Assakkaf
ENCE 203 — CHAPTER 5f. SIMULTANEOUS LINEAR EQUATIONS Slide No. 181




Symmetric Matrices

S,
g/ \%
%% N N L o, . N I

) + A. J. Clark School of Engineering ¢ Department of Civil and Environmental Engineering
\ QSR {
‘99&@'{??33’

m Example:

Decompose the following matrix into its

lower and upper triangular matrices using
the Cholesky method:

1 2 3
A=|2 8 10
3 10 22
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a, =
m Example (cont'd) 12 3] 4aea,
Using Eq. 1a: A=12 8 10] 4 =3=q,
310 22 a, =
l”:,’a“:\/le (123:1026132
ay;, =22
Using Eq. 1c:
i=2,j=1
i 1-1
N1 a 1!
:au kgl,lkjk 121_ 2 k=1 e :h:gzz
/ L, ly Iy 1
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m Example (cont'd) 12 3] w=2=a,

: A4=12 8 10 a; =3=ay
Using Eq. 1b:
9Eq 310 22 ap =8
iz a,, =10=a,,
ay; =22

, i1 1, =2
lii =,4; _zljc )
k=1
2-1 , P >
lzzzw/azz_zlzk :\/azz_lzl :\/8_(2) =2
k=1
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y ay =
m Example (cont'd) Ly 31 an-2-a,
Using Eq. 1c: A=[2 8 10 a; =3=a,
i=3,j=1and2 3 10 22 ay =8
ol ay; =10=a,,
l a; _kzzl,likljk ay, =22
v l[,. =2
1-1 Ly =2
as ZISkllk 3
l3lz—k=1 :&:—:3
lll lll 1
2,

-
> 1,1

2 k2=f e _ 9 =Lyl _ 10-3(2) -9
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y a, =1
m Example (cont’d) 1203 S,
, A=|2 8 10 . "
Using Eq. 1b: a,=3=a
9Eq 310 22 " !
Ay =
i=3: a,; =10=a,,
1 ) ay =22
L =,|a; _zlik Ly =2
k=1 1,=2
L, =3
3-1 l3z =2
2 2 2 2 2
ly;, = a33_zl3k :\/a33_l31_132 :\/22_(3) _(2) =3
k=1
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m Example (cont’d)
— Therefore

1 00
L=|2 2 0
3 2 3

—_
j—

w
—_

b e e e e )
[38)
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n 1
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3
2
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m Example (cont’d)
* Note that the validity of LLT = A

I 0 OI1 2 3 1 2 3
LL"=4=|2 2 0|0 2 2|=[2 6 10
3 2 3110 0 3 3 10 22
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[terative Equation-Solving
Methods
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m Simultaneous equations can also be
solved using frial-and error procedure.

m In this procedure, a solution can be
assumed, that is, a set of estimates for
the unknowns.

m Then, these estimates can be revised
through some set of rules.
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m This approach is the basis for iterative
methods for solving simultaneous
equations.

m Among these iterative methods, two
procedures are considered:

— Jacobi lteration, and
— Gauss-Seidel Iteration
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m Jacobi Iteration
— Consider the following general set of

simultaneous equation:
anX, +a,X, +ay Xy +--+a,X, =C
ay X, +anX,+ayX;+---+a, X, =C,
ay X, tan Xy +ap Xy +-+a, X, =C, @)
aanl +an2X2 +an3X3 +'”+anan = Cn
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" m Jacobi lteration

— The first step in this method is rearrange
each equation in Eq. 2 to produce an
expression for a single unknown.

— To start the iterative calculations, an initial
solution estimate for X; unknowns is
required.
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m Jacobi lteration

X = Ci—apX,-a,X;--—aq,X,
=
ay
X _C2_021X1_a23X3_"'_aann (3)
=
a
C —a, X, —-a , X,——a , X
X _ n2 n—1
—
ann
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— The initial estimates for all the X are
substituted into the right sides of Eq. 3 to
obtain a new set of calculated (left side)
values for the X;’s.

— These new values are substituted into the
right side of Eq. 3 and a new set of values
for the X’s is obtained.

— This iterative process continues until the

calculated values for X.’s converge to an
acceptable solution.
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m Example: Jacobi Iteration

Solve the following set of equations using
the Jacobi iterative method:

3X,+ X, —2X, =9
X +4X,-3X, =-8
X, — X, +4X, =1
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m Example (cont’d): Jacobi Iteration
The first step is to rearrange each equation as
follows:
Y = 9-X,+2X,
3X,+ X,-2X,=9 1 3
—X+4X2—3X3:—8 ? X2=_8+X1+3X3
X, - X, +4X, =1 4
vl XX,
’ 4
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m Example (cont’d): Jacobi Iteration
Let an estimate of the solution be X, =X, =X; =1,
therefore,
-X,+2X -
X1=9 ,+2X, =9 1+2(1)=£=3'333
3 3 3
X, = -8+ X, +3X, _ —-8+1+3(1) _ 1
4 4
X, = 1-X,+X, _ 1-1+1 =l=0.250
4 4 4
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m Example (cont’d): Jacobi Iteration

Revised values for X :
X, =3333
1= 9-X,+2X —(- .
X, =-1 X, = 2 s - 2=( 1)+2(025)=3.5
3 3

£, 2025 —8+X,+3X, —8+3.3333+3(0.25) _

X, = ! 2 =-0.9792

4 4
I-X,+X,
X, = , _1-(3.3333)+ (=1 _ 08333
4 4
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m Example (cont’d): Jacobi Iteration
Revised values for X :
X, =35
X, =-0.9792 a e 3
X, =-08333 X, = 9 X23+ 2X, _ 9—( 0.9792)3+ 2(-0.8333) — 57709
X, - ~8+ X, +3X, _-8+35+3(-08333) _ .
4 4
X, :1—X;+X 1-(3. 5)+; 0.9792) _ e
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m Gauss-Seidel Iteration

— Like in the Jacobi iteration, the first step in
this method is rearrange each equation in
Eq. 2 to produce an expression for a single

unknown.
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m Example (cont’d): Jacobi Iteration
Iteration| X [AX ] X, [AX | X [AX|
0 1 - 1 - 1 -
. 1 3.3333[ 2.3333] -1.0000] 2.0000] 0.2500] 0.7500
The solution converges 2 3.5000{ 0.1667| -0.9792] 0.0208| -0.8333] 1.0833
to: 3 2.7708] 0.7292| -1.7500[ 0.7708| -0.8698| 0.0365
-3 4 3.0035[ 0.2326[ -1.9596] 0.2096] -0.8802] 0.0104
Xl - 5 3.0664[ 0.0629| -1.9093] 0.0503] -0.9908| 0.1106
Xz =-2 6 2.9759] 0.0905| -1.9765[ 0.0672 -0.9939] 0.0031
X.=-1 7 2.9962| 0.0203| -2.0015[ 0.0250f -0.9881] 0.0058
3 8 3.0084[ 0.0122 -1.9920] 0.0094] -0.9994] 0.0113
9 2.9977] 0.0107| -1.9975| 0.0054| -1.0001) 0.0007
10 2.9991| 0.0014] -2.0007[ 0.0032| -0.9988] 0.0013
11 3.0010[ 0.0019 -1.9993] 0.0013] -0.9999] 0.0011
12 2.9998| 0.0012| -1.9997[ 0.0004| -1.0001] 0.0002
13 2.9998| 0.0000{ -2.0001f 0.0004| -0.9999] 0.0002
14 000N, 0.0003] _ 0.0002f - 0.0001
15 [(3.0000[) 0.0001}" -2.0000) 0.0000]("-1.0000]) 0.0000
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— To start the iterative calculations, an initial
solution estimate for X; unknowns is

required.
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m Gauss-Seidel Iteration

X = Ci—apX,-a,X;--—aq,X,
=
ay
X. = C,—ay X, —ayX;—---—a, X,
s a 4)
2
C —a, X, —-a , X,——a , X
X _ n2 n—1
—
am’l
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— In Jacobi iteration a full cycle is completed

over all the equations before updating the
solutions estimates.

— In Gauss-Seidel procedure, each unknown
is updated as soon as a new estimate of
that unknown is completed.

— The notion here is that the most recent
estimate is the best estimate, and
therefore, should be used as soon it is
available.
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m Example: Gauss-Seidel lteration
Solve the following system of equations
using the Gauss-Seidel Iteration procedure
with initial estimates of X, =X, =X, =1:
4X =-2Y+37Z =157
—2X+4Y - Z=-14.1
3X+ Y-3Z=-42
ENCE 203 — CHAPTER 5f. SIMULTANEOUS LINEAR EQUATIONS S”iﬁ:_a;;f
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m Example (cont’d): Gauss-Seidel Iteration

15.7+2Y-3Z
4X-2Y+3Z=15.7 4
SN 44V - Z=—14] g y__1AIH2X+Z
3X+ Y-3Z=-42 4
—42-3X-Y
e
-3
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18



[terative Equation-Solving
o Methods

"
‘D‘ + A. J. Clark School of Engineering ¢ Department of Civil and Environmental Engineering

Colu;c\:_ ?ng'

m Example (cont’d): Gauss-Seidel Iteration
An estimate of the solution is X, =X, =X, =1,

therefore,
Y= 15.7+2Y -3Z7 _ 15.7+2(1)-3(1) ~3.6750
4 4
Y=—14.1+2X+Z -14.1+2(3. 6750)+(1) 14375
4 4
7= —-42-3X-Y _ —4.2-3(3.6750)—(—1.4375) — 4.5958
-3 -3
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m Example (cont’d): Gauss-Seidel Iteration
Revised values for X :
X =3.6750
Y =-14375
Z =4.5958
15742 14315) 3(4:5958) _ 2406
_Zl4L+2X 47 —14.142(-02406)+45958) _ .0
4 4
5 423X _ —4.2-3(-0.2406)~(-2.4964) _ . -,
-3 -3
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m Example (cont’d): Gauss-Seidel Iteration

Revised values for X, :
X =-0.2406
Y =-2.4964
Z=0.3273
Y= 15.7+2Y-3Z _ 15.7+2(-2.4964) - 3(0.3273) —2 313
4 4
- -14.1+2X+Z _ -14.1+2(2.4313)+0.3273 = 29275
4 4
7= 42-3X-Y _- 4.2-3(2.4313)—(-2.2275) — 30888
-3 -3
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=" m Example (cont’d): Gauss-Seidel Iteration
Iteration X | AX] Y [AY] 7 |AZ|
) 0 1 - 1 - 1 -
The solution converges 1 3.6750]  2.6750] -1.4375 24375  4.5958] 3.5958
to: 2 -0.2406] 3.9156] -2.4964 1.0589] 0.3273] 4.2686
X=13 3 2.4314] 2.6720] -2.2275 0.2689] 3.0889] 2.7616
: 4 0.4946] 1.9368] -2.5055 0.2780]  1.0594] 2.0295
Y=-24 5 18777]  13831] 23213 0.1842] 25039 14445
Z=1.9 6 0.8864] 0.9913] -2.4558 0.1345] 1.4678] 1.0361
30 1.2999]  0.0003] -2.4000 0.0000]  1.8999]  0.0003
31 1.3001  0.0002] -2.4000 0.0000] 1.9001] 0.0002
32 1.2999]  0.0002] -2.4000 0.0000] 1.8999] 0.0002
33 1.3001]  0.0001] -2.4000 0.0000] 1.9001] 0.0001
34 1.3000]  0.0001] -2.4000 0.0000]  1.9000] 0.0001
35 _13000]  0.0001] _-2-4000) 0.0000] _1-9000| 0.0001
36 [ 1.3000]) 0.0000{_ -2.4000] 0.0000[(_ 1.9000) 0.0000
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%m** | Convergence Con3|derat|on for the lterative
Methods

— For these iterative techniques of Jacobi and
Gauss-Seidel to work, certain additional
conditions must be considered:

1. The set of equations must possess a strong
diagonal.

2. A sufficient condition for a solution to be
found is that the absolute value of the
diagonal coefficient in any equation must
greater than the sum of the absolute values of
all other coefficients appearing in that e
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m Convergence Consideration for the
Iterative Methods
— Before solving a set of equations using the
iterative methods, do the following:

* Rearrange the set of n x n equations so that the
diagonal coefficient is the largest in any
equation.
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m Example: Convergence

Check the following set of equations for
convergence. If they do not meet the
condition for convergence, try to rearrange
the equation so that they meet the
requirement.

X, +4X,-2X,=3
5X,—2X,+ X, =4
X, +2X,+4X, =17

© Assakkaf
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m Example (cont’d): Convergence
5X,-2X,+ X, =4
X, +4X,-2X,=3
X, +2X,+4X, =17

X, +4X,-2X,=3
SX, -2X,+ X;=4 ——>»
X, +2X,+4X,=17

|5|>|-2/+[|=5>3 OK
|4 >[1]+[-2=4>3 OK.
[4>[]+]2=4>3 OK.

Therefore, use the above set in iterative methods.

| <[4|+|-2/=1<6 N.G

Try rearrange the equations.
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m As was noted earlier, a determinant is a
unique number that can be used to
represent a square matrix.

m For the matrix A, the determinant is
denoted as |A]|.

m Recall that the system of equations is
given by [AKX} = {C}
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m Or in equivalent general matrix form as

a, a, a5 - a,l||X C,
Ay, Ay Ay Oy, || X, C,
X, |=|C, ®))

n

s Q3 Ayt Oy

a, a, - a, ||X C
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m In which, the coefficient matrix A is

given by
a, dyp 4 a, X, G
Ay dy Ay a,, X, C,
A=|a, ay,, ay a,, |, X=X, |and C=|C,
_anl an2 an3 an ] _Xn_ _Cn_

X = vector of unknowns, and C = vector of constants
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Use of Determinants

The value of X is obtained using Cramer’s
rule as

Where |A| is the determinant of 4 and |4, is the determinant
of a matrix formed by replacing column / of 4 with the
column vector of constant of Eq.5.
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m Cramer’s Rule
— For example, |A,| and |A,| would be given

Cl alZ a13 aln all Cl a13 aln
2 dp Ay 2n n G oay ay,
A= : Cland|A4,| = .
Cn an2 an3 e ann anl C3 an3 e ann
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Use of Determinants
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m Example: Use of Determinant

Solve the following set of simultaneous
linear equations using the method of the

determinants:
4X -2Y+37Z =15.7
—-2X+4Y - Z=-14.1
3X+ Y-3Z/7=-42
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m Example (cont’d): Use of Determinant
[4}x}={c}
4 -2 31[x 15.7
—2 4 1|y |=]|-141
3 1 -3|lz 42
4 -2 3 15.7
A=(-2 4 -1 and C=[-14.1
3 1 -3 —-4.2
ENCE 203 — CHAPTER 5f. SIMULTANEOUS LINEAR EQUATIONS S”iﬁ:_alg
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m Example (cont’d): Use of Determinant

4 -2 3
|4=]-2 4 -1=44C3)-1-D]+2[-2(-3)-3¢-D ]+ 3[-2(1) - 3(4)|]=-68
301 -3 L
44 -2 3 15.7
A= 4 -1 and C=|-14.1
157 -2 3 L 3 .
-141 4 -1 Iy
Al |-42 1 -3 -
oAl _ 884 _
|4 - 68 - 68
ENCE 203 - CHAPTER 5f. SIMULTANEOUS LINEAR EQUATIONS S”i/:\js:_a;kza:
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m Example (cont’d): Use of Determinant
4 f 3 15.7
A—|:—2X—l} and C—[—M.l}
3 1\ -3 -4.2
A
4 157 3
—2 -141 -1
4] |3 -42 -3
Y:| | _ _les2_ .,
|4 - 68 -68
ENCE 203 — CHAPTER 5f. SIMULTANEOUS LINEAR EQUATIONS S”iﬁjg
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m Example (cont’d): Use of Determinant
4 -2 \vs 15.7
A=|-2 4 and C=|-14.1
L 1 Z\l [4.2}
M
4 -2 157
2 4 -141
Al |3 1 -42| —
514l _ _-1292
|4 -68 - 68
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m Example (cont’d): Use of Determinant
Therefore, the solution for set of equation
4X —2Y+3Z =157
02X +4Y - Z=-14.1
3X+ Y-3Z=-42

is X 1.3
Y|=|-24
Z 1.9
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